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1. Eigen Function of Angular Momentum

We start with spherical coordinates, as defined in Fig. 7-2. We have
x =rsinf cos ¢
y=rsinfsing (7B-1)
z=rcosf

x

Figure 7-2 The definition of the spherical coordinates used in the text and the relation between the
cartesian coordinates (x, y, z) and the spherical coordinates (r, 6, @).
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Eigen Function of Angular Momentum

From this it follows that

dx = sin @ cos ¢ dr + rcos 0 cos ¢ df — rsin @ sin ¢ do
dy =smnfsmedr+ rcos@sine@dd + rsinf cos ¢ dp (7B-2)
- =cosOdr— rsinfdo

These may be solved to give
dr = sin 0 cos ¢ dx + sin 0 sin ¢ dy + cos 6 dz
do = % (cos 0 cos @ dx + cos 0 sin ¢ dy — sin 0 d-) (7B-3)

_ 1 o
d(p—rsino( sin @ dx + cos ¢ dy)
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Eigen Function of Angular Momentum

With the help of these we obtain
Jd _ or d d0 o de g

Ix  Ix Ir  Ix d0 = Ix I

= sin @ cos cp%+%cosﬂcoscpaae — rSisriln‘PO ;ZP
%=sin05in<p%+%cosesincpaao+::§1‘P0 rP(Zp (7B-4)
%=cosﬂ%—%sin0%

We may use these to calculate the angular momentum operators in terms of the spherical
angles. We have

L=rXp,=2(@xV) (7B-5)

7
Y N N
Lz_i(xay yax)
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Eigen Function of Angular Momentum

d 1 . o cos ¢ g
+ 5 = -
or COR@ BP0t rain 0 06

=%[rsin6coscp(sin()sincp

sin
— rsj_nOSinqp(SineCOSQDg + lcosOcos‘P(;,é’g o rsin¢0 o':z;a)]

_h I -
i de (7B-6)

Similarly, we construct

ot (R —=d)
Jd sin 0 r?)

_— . . -
= [r sin @ sin cp(COS 7] a9 ¥ 30

(7B-7)

coOs
— 08 o(sin 0 sin ¢ g o l cos 6 sin ¢ 060 3 > Sinq; alzp)]

_ A _ I 9
= i( sxncpé’(9 cot Ocosq:aqp)
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Eigen Function of Angular Momentum

and

[r cos 0<sm 0 cos ¢ ; l cos 0 cos ¢ 0;90 rSis?n¢0 (9090)

— rsin @ cos ¢ | cos 0 g _sinb J
ar 00
_h

cos<p-i—cot 0 sin ¢ — 0
i a0 de
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Eigen Function of Angular Momentum

It 1s fairly straightforward to calculate
15 =T + o412

1 [ B 2 | 9 _ 9
ﬁ[( sin ¢ — g cot Ocoscpa‘P)( sin ¢ —g cot 0cos<pa‘P)

-+ (coscpé%— cot Osinq)%)(coscpé%—cot Bsin<p£) + (9322]
P

We leave it to the reader to do the algebra. The final result is

2 2
L2 = —hz( ? 4 ocot 02—~ 2 ) 7B-9
6’ d0  sin® 6 d¢’ X )

Which is just the expression in eq. (7-13).
The equation

L2Y(0, ¢) = A°AY(0, @)
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2. Hamiltonian and Angular momentum Comuttator

Consider the special case of a rotation through an angle # about the z-axis: With

x'=xcos 0 —y sin 0
y' ' =xsin 0 +y cos 0 (7A-1)

it is easy to see that

r=x?+y"+z)2=F+y> +)"=r (7A-2)

J \ J\ _ d . .Y 4 d \
(ax’) + <6y') - (cos 0 o S an) + (sm Oax + CO8 Oﬁy)
(o) ) 2
(3 +(3)

and




Hamiltonian and Angular momentum Comutator

Since the Hamiltonian has an invariance property, we expect a conservation law,
as we saw 1n the case of parity. To identify the operators that commute with 7/, let us
consider an infinitesimal rotation about the z-axis. Keeping terms of order 6 only so

that
x'=x— 0y
vy =y + 0x (7A-4)
we require that
Hug(x — 0y, y + 0x,z) = Eug(x — 0y, y + 6x, =) (7A-5)
If we expand this to first order in € and subtract from it
Hug(x, y, z2) = Eugx, y, =) (7A-6)
we obtain from the term linear in 6
H(x aiy =P %)uE(x, Y, Z) = E(x é% = %)uﬁ-(x, Vs Z (7A-7)
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Hamiltonian and Angular momentum Comutator

The right side of this equation may be written as
o0 _, 0 3=(x2 —, 9 . .
(r e Y os )E ug(x,y,z) = (x 3y y ax)H ugx, y, = (7A-8)
If we define
Bl 0N
Lz T3 (x ay b ¢ (;\,) XPy YPx (7A-9)

then (7A-7) and (7A-8) together read
(HL, — L Hugx,y,z)= 0

Since the uz(r) form a complete set, this implies the operator relation

[H,L;] =0 (7A-10)
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Hamiltonian and Angular momentum Comutator

holds. L, is the z-component of the operator
L=rXp (7A-11)

which 1s the angular momentum. Had we taken rotations about the x- and y-axis, we
would have found, in addition, that

[H,L,] =0
[H,L,)] =0 (7A-12)

Thus the three components of the angular momentum operators commute with the Hamil-
tonian; that is, the angular momentum is a constant of the motion. This parallels the clas-
sical result that central forces imply conservation of the angular momentum.
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Exercises :

1. Calculate ([, my|LI, my) and (I, m,|L|I, m,).

2. Calculate (I, my| L{l, my) and [, my| L2|I, m,). (Hint: Things will be easier with the use of L., %, and
SO On.)

MPF1204, FISIKA KUANTUM



Thank you
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