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• Many problems in engineering and science

require the solution of nonlinear equations. 

Several examples of such problems drawn 

from the field of chemical engineering and 

from other application areas are discussed 

in this section.

• The methods of solution are developed in 

the remaining sections of the chapter, and 

specific examples of the solutions are 

demonstrated using the MATLAB software.
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• A system of nonlinear equations is a 
system of two or more equations in two or 
more variables containing at least one 
equation that is not linear.

• Example:

𝑥 − 𝑦 = −1 (linier)

𝑦 = 𝑥2 + 1 (non linier)
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𝑥 − 𝑦 = −1 (1)

𝑦 = 𝑥2 + 1 (2)

Penyelesaian analitis: 

dengan substitusi dari pers (1)

𝑦 = 𝑥 + 1 ke pers (2)

𝑥 + 1 = 𝑥2 + 1

𝑥2 − 𝑥 = 0 atau     𝑥 𝑥 − 1 = 0

𝑥 = 0 maka 𝑦 = 1

𝑥 = 1 maka 𝑦 = 2
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(0,1)

(1,2)
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• The solution of nonlinier equations to find x

for a function x, f(x) = 0.

• Example, f(x) = e-x – x, 

how much x for f(x) = 0.
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Solution of nonlinier equations

The two major classes of methods available are 

distinguished by the type of initial guess. 

They are

• Bracketing methods. As the name implies, these 

are based on two initial guesses that bracket the 

root.

• Open methods. These methods can involve one or 

more initial guesses, but there is no need for them 

to bracket the root.
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We study :

• Graphical method

• Bisection Method

• Secant Method

• Newton – Raphson Method

• Using MATLAB built in function: fzero, 

fsolve
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Graphical method

• A simple method for obtaining an estimate of 

the root of the equation f (x) = 0 is to make a 

plot of the function and observe where it 

crosses the x axis. 

• This point, which represents the x value for 

which f (x) = 0, provides a rough approximation 

of the root.
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• Use the graphical approach to determine the 

mass of the bungee jumper with a drag 

coefficient of 0.25 kg/m to have a velocity 

of 36 m/s after 4 s of free fall. Note: The 

acceleration of gravity is 9.81 m/s2.
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Bisection Method

• The bisection method is a variation of the incremental 

search method in which the interval is always divided 

in half. 

• If a function changes sign over an interval, the 

function value at the midpoint is evaluated. 

• The location of the root is then determined as lying 

within the subinterval where the sign change occurs. 

• The subinterval then becomes the interval for the next 

iteration. The process is repeated until the root is 

known to the required precision.
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• A graphical depiction of the method is provided in this Fig. 
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Step by step for solution

1. Determine initial value xA dan xB

2. Find f(xA) dan f(xB)

3. The interval is correct if f(xA) & f(xB) different sign 

check [f(xA)]x[f(xB)] < 0. 

If not, repeat (1) & (2).

 

xA xB 

Akar persamaan The root
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4. Find xM (middle point)

5. Find f(xM)

a) If [f(xA)]x[f(xM)] > 0, then xA new = xM & xB = xB

b) If [f(xA)]x[f(xM)] < 0, then xA = xA & xB new = xM

XB new = XM

XA new 

= XM
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6. Check f(xm) < Tolerance. If not, repeat (4) 

for new  xm .
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Secant Method



0
4

N
o
n

li
n
ie

r
E

q
u
at

io
n
s



0
4

N
o
n

li
n
ie

r
E

q
u
at

io
n
s



0
4

N
o
n

li
n
ie

r
E

q
u
at

io
n
s

Newton-Rahpson Method

• Newton-Raphson Method is one of the most powerful and 

well-known numerical methods for solving a root-finding 

problem.

• If the initial guess at the root is xi , a tangent can be 

extended from the point [xi , f (xi )]. The point where this 

tangent crosses the x axis usually represents an improved

estimate of the root.
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Slope for xi is derivatif function f(x)
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Step by step solution

1. Determine the initial guess xi

2. Find f(xi) & f’(xi)

3. Calculate xi+1 with equation

4. Check | xi+1 - xi | < tolerance atau

| f(xi) | < tolerance,

If yes, then finished. 

If not, xi new= xi+1, repeat form step (2)
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If f’(x) is difficult to be obtained by analytical method, we 

can use numerical methods.

Forward difference

𝑓′ 𝑥 ≅
𝑓 𝑥 + 𝜀 − 𝑓(𝑥)

𝜀
Backward difference

𝑓′ 𝑥 ≅
𝑓 𝑥 − 𝑓(𝑥 − 𝜀)

𝜀
Central difference

𝑓′ 𝑥 ≅
𝑓 𝑥 + 𝜀 − 𝑓(𝑥 − 𝜀)

2 𝜀
with ε is very small value.
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Penyelesaian dengan MATLAB

• Mencari nilai suatu variabel dalam satu 

persamaan → gunakan fzero

• Mencari nilai multi variabel dalam lebih 

dari satu persamaan → gunakan fsolve
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fzero function

• The fzero function is designed to find the 

real root of a single equation. A simple 

representation of its syntax is :

x  = fzero(‘function’,xo)

where function is the name of the function

being evaluated, and xo is the initial guess.
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fsolve function

function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)^2);

F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;

end

Untuk sistem persamaan non linier multi variabel dapat 

digunakan ‘function fsolve’:
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clear

clc

fun = @root2d;

x0 = [0,0];

x = fsolve(fun,x0)

Program bisa ditulis di command window atau dalam 

script tersendiri:
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Equation solved.

fsolve completed because the vector of function 

values is near zero

as measured by the default value of the function 

tolerance, and

the problem appears regular as measured by the 

gradient.

<stopping criteria details>

x =

0.3532    0.6061

Hasil run:
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• Contoh lain:

Tentukan nilai x, y, z

2 x y+ 5 2 z
2

−

y
3

4 z+ 4

x y z+ e
z
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function F = Fun1(x)

F(1)=2*x(1)+x(2)-5+2*x(3)^2;

F(2)=x(2)^3+4*x(3)-4;

F(3)=x(1)*x(2)+x(3)-exp(x(3));

end

Function Fun1 dibuat dalam script
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clear

clc

fun = @Fun1;

x0 = [0,0,0];

x = fsolve(fun,x0);

fprintf('x = %2.5f  \n',x(1));

fprintf('y = %2.5f  \n',x(2));

fprintf('z = %2.5f  \n',x(3));

Program dibuat dalam script, sbb:
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Equation solved.

fsolve completed because the vector of 

function values is near zero

as measured by the default value of the 

function tolerance, and

the problem appears regular as measured by 

the gradient.

<stopping criteria details>

x = 1.42247  

y = 0.97539  

z = 0.76801 

Hasil run:


