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Laplace Transform Operations

F(s) f (t)

c1F1(s)+ c2F2(s) c1f1(t)+ c2f2(t)

F(as) (a > 0)
1
a
f

(
t

a

)

F(s − a) eatf (t)

e−asF(s) (a ≥ 0) ua(t)f (t − a)

s F(s)− f (0+) f ′(t)

s2F(s)− s f (0+)− f ′(0+) f ′′(t)

snF(s)− sn−1f (0+)− sn−2f ′(0+) f (n)(t)

− · · · − f (n−1)(0+)

F(s)
s

∫ t

0
f (τ) dτ

F ′(s) −t f (t)

F (n)(s) (−1)ntnf (t)∫ ∞

s

F(x) dx
1
t
f (t)

F(s)G(s)
∫ t

0
f (τ) g(t − τ) dτ

lim
s→∞ s F(s) lim

t→0+
f (t) � f (0+)

lim
s→0 s F(s) lim

t→∞ f (t)
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Table of Laplace Transforms

F(s) f (t)

1 δ(t)

1
s

1

1
s2

t

1
sn

(n � 1, 2, 3, . . .) tn−1

(n − 1)!
1
sν

(ν > 0)
tν−1

�(ν)

(s − 1)n
sn+1 (n � 0, 1, 2, . . .) Ln(t) � et

n!
dn

dtn
(tne−t)

Laguerre polynomials

1
s − a

eat

1
s(s − a)

1
a
(eat − 1)

1
(s − a)(s − b)

(a �� b)
eat − ebt

a − b

s

(s − a)(s − b)
(a �� b)

a eat − b ebt

a − b

s

(s − a)2
(1+ at) eat

a

s2 + a2
sin at

s

s2 + a2
cos at

a

(s − b)2 + a2
ebt sin at

s − b

(s − b)2 + a2
ebt cos at
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F(s) f (t)

a

s2 − a2
sinh at

s

s2 − a2
cosh at

a

(s − b)2 − a2
ebt sinh at

s − b

(s − b)2 − a2
ebt cosh at

1
(s2 + a2)2

1
2a3
(sin at − at cos at)

s

(s2 + a2)2
1
2a
(t sin at)

s2

(s2 + a2)2
1
2a
(sin at + at cos at)

s3

(s2 + a2)2
cos at − 1

2 at sin at

s2 − a2

(s2 + a2)2
t cos at

1
(s2 − a2)2

1
2a3
(at cosh at − sinh at)

s

(s2 − a2)2
1
2a
(t sinh at)
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F(s) f (t)

s2

(s2 − a2)2
1
2a
(sinh at + at cosh at)

s3

(s2 − a2)2
cosh at + 1

2 at sinh at

s2 + a2

(s2 − a2)2
t cosh at

ab

(s2 + a2)(s2 + b2)
(a2 �� b2)

a sin bt − b sin at
a2 − b2

s

(s2 + a2)(s2 + b2)
(a2 �� b2)

cos bt − cos at
a2 − b2

s2

(s2 + a2)(s2 + b2)
(a2 �� b2)

a sin at − b sin bt
a2 − b2

s3

(s2 + a2)(s2 + b2)
(a2 �� b2)

a2 cos at − b2 cos bt
a2 − b2

ab

(s2 − a2)(s2 − b2)
(a2 �� b2)

b sinh at − a sinh bt
a2 − b2

s

(s2 − a2)(s2 − b2)
(a2 �� b2)

cosh at − cosh bt
a2 − b2

s2

(s2 − a2)(s2 − b2)
(a2 �� b2)

a sinh at − b sinh bt
a2 − b2

s3

(s2 − a2)(s2 − b2)
(a2 �� b2)

a2 cosh at − b2 cosh bt
a2 − b2
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F(s) f (t)

a2

s2(s2 + a2)
t − 1

a
sin at

a2

s2(s2 − a2)
1
a
sinh at − t

1√
s

1√
π t

1√
s + a

e−at

√
π t

1

s
√
s + a

1√
a
erf(

√
at)

1√
s + a + √

s + b

e−bt − e−at

2(b − a)
√
π t3

1
s
√
s

2

√
t

π

1
(s − a)

√
s

1√
a
eat erf

√
at

1√
s − a + b

eat
(
1√
π t

− b eb
2t erfc(b

√
t)
)

1√
s2 + a2

J0(at)

1√
s2 − a2

I0(at)

(
√
s2 + a2 − s)ν√
s2 + a2

(ν > −1) aνJν(at)

(s − √
s2 − a2)ν√

s2 − a2
(ν > −1) aνIν(at)

1
(s2 + a2)ν

(ν > 0)
√
π

�(ν)

(
t

2a

)ν− 1
2

Jν− 1
2
(at)

1
(s2 − a2)ν

(ν > 0)
√
π

�(ν)

(
t

2a

)ν− 1
2

Iν− 1
2
(at)
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F(s) f (t)

(
√
s2 + a2 − s)ν (ν > 0)

νaν

t
Jν(at)

(s − √
s2 − a2)ν (ν > 0)

νaν

t
Iν(at)

√
s − a − √

s − b
1

2t
√
π t
(ebt − eat)

e−a/s

√
s

cos 2
√
at√

π t

e−a/s

s
√
s

sin 2
√
at√

π a

e−a/s

sν+1
(ν > −1)

(
t

a

)ν/2

Jν(2
√
at)

e−a
√
s

√
s

(a > 0)
e−a2/4t

√
π t

e−a
√
s (a > 0)

a

2
√
π t3

e−a2/4t

e−a
√
s

s
(a > 0) erfc

(
a

2
√
t

)

e−k
√
s2+a2

√
s2 + a2




0 0 < t < k

J0(a
√
t2 − k2) t > k

e−k
√
s2−a2

√
s2 − a2




0 0 < t < k

I0(a
√
t2 − k2) t > k
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F(s) f (t)

e−as (a > 0) δa(t)

e−as

s
(a > 0) ua(t)

es
2/4 erfc

s

2
2√
π
e−t2

1
s(eas − 1) � e−as

s(1− e−as)

[
t

a

]
([t] : greatest integer ≤ t)

1
s(es − a)

� e−s

s(1− ae−s)
(a �� 1) a[t] − 1

a − 1
es − 1

s(es − a)
� 1− e−s

s(1− ae−s)
a[t]

1
s(1− e−as)

t

f�t�

�

�

�

�

a �a �a �aO

1
s(1+ e−as)

t

f�t�

�

a �a �a �aO

1
s(1+ eas)

t

f�t�

a �a �a �a �aO

�

1− e−as

s(eas + e−as)

t

f�t�

a �a

�a �a

�aO

�

��
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F(s) f (t)

(1− e−as)
s(1+ e−as)

� 1
s
tanh

as

2

t

f�t�

�

a �a �a �aO

��

1− e−as

as2(1+ e−as)
� 1

as2
tanh

as

2
t

f�t�

�

a �a �a �aO

1− (1+ as)e−as

as2(1− e−2as)
t

f�t�

�

a �a �a �aO

ω

(s2 + ω2)(1− e−π s/ω)
t

f�t�

O �
�

��
�

��
�

�

ω

s2 + ω2

(
1+ e−π s/ω

1− e−π s/ω

)
� ω

s2 + ω2
coth

π s

2ω
t

f�t�

O ��
�

��
�

�
�

�

log
(
s + a

s + b

)
e−bt − e−at

t

−(log s + γ)
s

(γ: Euler constant) log t
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F(s) f (t)

log s
s

−(log t + γ)

log
(
s2 + a2

s2 + b2

)
2
t
(cos bt − cos at)

tan−1
(a
s

) 1
t
sin at

sinh xs
s sinh as

x

a
+ 2

π

∞∑
n�1

(−1)n
n

sin
nπx

a
cos

nπt

a

sinh xs
s cosh as

4
π

∞∑
n�1

(−1)n−1

2n − 1 sin
(
2n − 1
2a

)
πx sin

(
2n − 1
2a

)
πt

cosh xs
s sinh as

t

a
+ 2

π

∞∑
n�1

(−1)n
n

cos
nπx

a
sin

nπt

a

cosh xs
s cosh as

1+ 4
π

∞∑
n�1

(−1)n
2n − 1 cos

(
2n − 1
2a

)
πx cos

(
2n − 1
2a

)
πt

sinh xs
s2 sinh as

xt

a
+ 2a

π2

∞∑
n�1

(−1)n
n2

sin
nπx

a
sin

nπt

a

sinh xs
s2 cosh as

x + 8a
π2

∞∑
n�1

(−1)n
(2n − 1)2 sin

(
2n − 1
2a

)
πx cos

(
2n − 1
2a

)
πt

cosh xs
s2 sinh as

1
2a

(
x2 + t2 − a2

3

)
− 2a

π2

∞∑
n�1

(−1)n
n2

cos
nπx

a
cos

nπt

a

cosh xs
s2 cosh as

t + 8a
π2

∞∑
n�1

(−1)n
(2n − 1)2 cos

(
2n − 1
2a

)
πx sin

(
2n − 1
2a

)
πt

sinh x
√
s

sinh a
√
s

2π
a2

∞∑
n�1
(−1)nne−n2π2t/a2 sin

nπx

a



Tables218

F(s) f (t)

cosh x
√
s

cosh a
√
s

π

a2

∞∑
n�1
(−1)n−1(2n − 1)e−(2n−1)2π2t/4a2 cos

(
2n − 1
2a

)
πx

sinh x
√
s√

s cosh a
√
s

2
a

∞∑
n�1
(−1)n−1e−(2n−1)2π2t/4a2 sin

(
2n − 1
2a

)
πx

cosh x
√
s√

s sinh a
√
s

1
a

+ 2
a

∞∑
n�1
(−1)ne−n2π2t/a2 cos

nπx

a

sinh x
√
s

s sinh a
√
s

x

a
+ 2

π

∞∑
n�1

(−1)n
n

e−n2π2t/a2 sin
nπx

a

cosh x
√
s

s cosh a
√
s

1+ 4
π

∞∑
n�1

(−1)n
2n − 1e

−(2n−1)2π2t/4a2 cos
(
2n − 1
2a

)
πx

sinh x
√
s

s2 sinh a
√
s

xt

a
+ 2a

2

π3

∞∑
n�1

(−1)n
n3

(1− e−n2π2t/a2) sin
nπx

a

cosh x
√
s

s2 cosh a
√
s

x2 − a2

2
+ t − 16a

2

π3

∞∑
n�1
(−1)n
(2n − 1)3 e

−(2n−1)2π2t/4a2cos
(
2n − 1
2a

)
πx


